ARTICLE
pubs.acs.org/JPCB

Experimental System for One-Dimensional
Rotational Brownian Motion
Brandon H. McNaughton,*,†,‡ Paivo Kinnunen,‡,§ Miri Shlomi,‡ Codrin Cionca,§ Shao Ning Pei,‡
Roy Clarke,§ Panos Argyrakis,‡ and Raoul Kopelman*,†,‡,§
†

Department of Biomedical Engineering, ‡Department of Chemistry, and §Department of Physics University of Michigan,
Ann Arbor, Michigan 48109, United States

bS Supporting Information
ABSTRACT: We present here an experimental, strictly onedimensional rotational system, made by using single magnetic
Janus particles in a static magnetic ﬁeld. These particles were
half-coated with a thin metallic ﬁlm, and by turning on a
properly oriented external static magnetic ﬁeld, we monitor
the rotational Brownian motion of single particles, in solution,
around the desired axis. Bright-ﬁeld microscopy imaging
provides information on the particle orientation as a function
of time. Rotational diﬀusion coeﬃcients are derived for onedimensional rotational diﬀusion, both for a single rotating particle and for a cluster of four such particles. Over the studied time
domain, up to 10 s, the variation of the angle of rotation is strictly Brownian; its probability distribution function is Gaussian, and the
mean squared angular displacement is linear in time, as expected for free diﬀusion. Values for the rotational diﬀusion coeﬃcients
were also determined. Monte Carlo and hydrodynamic simulations agree well with the experimental results.

’ INTRODUCTION
Diﬀusion has been one of the most fundamental and well
studied processes in physical science, with a long history, starting
with the observation made by Brown in 1827,1,2 of pollen particles
ﬂoating on water. It was later described using thermodynamics by
Einstein in 1906,3-5 and implemented by Perrin to determine
Avogadro's number in 1910.6 These fundamental developments
used basic Brownian translation and rotation as models for the
study of diﬀusion mechanisms7-9 which over the years have led to a
plethora of applications in practically all scientiﬁc ﬁelds, including
physics, nanoscience, chemistry, biology, and economics. One can
appreciate the signiﬁcance of studying Brownian kinetics and
other stochastic problems by the fact that the numerical values
of the relevant spatial parameters scale from the stars10 to the
nanoscale.11 While the translational Brownian motion is better
known and more often used, Brownian rotation has also been
extensively studied.12
The fundamental distinction between the commutative onedimensional and the noncommutative three-dimensional rotational motion was not addressed until Furry's work in 1957.13
Thus, the standard formula, for the mean-squared displacement,
ÆR2æ ∼ t, is valid, only in the short-time limit, while rigorously
applicable, at all times, only to one-dimensional Brownian
rotation. Therefore, having such a strictly one-dimensional
Brownian rotation system is of both theoretical and practical
signiﬁcance.
In the past, progress has been made toward a free onedimensional Brownian rotation system;14,15 however, there has
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been a lack of direct measurements, especially for a single particle,
when it comes to truly one-dimensional Brownian rotation
systems, i.e., systems that are rotating freely only about a ﬁxed
axis. For example, Kappler16 suspended a mirror with carbon wires
and monitored light reﬂections from the mirror. Cheng and
colleagues17,18 trapped disk-like colloids in optical tweezers. In
these experiments, the objects that undergo one-dimensional
rotation are kept from freely rotating, e.g., they are in a potential
that opposes their one-dimensional rotation. In the case of
Kappler, the mirror cannot turn freely. In the case of Cheng et
al., a potential resisting rotation is created by the optical trap. More
recently, Altintas and colleagues were able to implement magnetic
clamping to conﬁne the diﬀusion of individual nanorods.15
Additionally, systems have been utilized to study the coupling
between translational and rotational diﬀusion.19,20 However, all of
the above systems require a signiﬁcant restriction on the translational motion and/or the rotational motion about the conﬁned axis, such that a “passive” restoring force inhibits free
diﬀusion. Furthermore, the systems sometimes require more
than one particle and the experiment cannot be performed on
a single particle. Therefore, in this study, we demonstrate and
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Figure 1. Schematic representation of (a) the experimental setup used to observe the one-dimensional rotation of a single Janus particle and (b) the
concept underlying the one-dimensional rotation of a magnetic microsphere. (c) Scanning electron microscopy image of a single magnetic Janus particle,
where the scale bar is 1 μm.

experimentally validate one-dimensional rotational diﬀusion for
a single particle, as well as for an aggregate.
To create and actively control a one-dimensional rotator that
is free to diﬀuse through all angles in a plane (about one ﬁxed
axis), we have designed a system that implements magnetic
Janus particles,21-23 see Figure 1. Janus particles have two
chemically or physically diﬀerent hemispheres.23 Here, we orient
such a magnetic particle in a static magnetic ﬁeld so that
rotational diﬀusion can be observed with standard bright-ﬁeld
microscopy.
One approach to fabricating magnetic Janus particles is to
deposit a thin metallic layer onto half of a nonmagnetic particle.
We have been using this type of Janus particle in our laboratory,
where the optical asymmetry of the particle has previously been
used to measure the particle orientation as a function of time.22,24-28
Due to the magnetic content, the particle can be magnetized in a
variety of directions and can be manipulated both translationally
and rotationally. Magnetic and nonmagnetic Janus particles
have been used for a variety of applications, such as single
bacterial cell detection28 and for the study of Brownian rotational
dynamics.29-32 Recently, Hong and colleagues were able to use an
assembly of four such particles to study the rotational diﬀusion
about two axes of a rod-shaped particle.31 They measured the
diﬀusion coeﬃcient along each axis of the rod when its rotation
was restricted at a glass-ﬂuid interface. This approach works well
for particles with a strict rod-like symmetry, but there remains a
need for a method that can actively isolate the two axes of
rotation for particles that are symmetric and for arbitrary particle
shapes that exhibit diﬀusion when at an interface (i.e., any
aggregate that does not have rod-like symmetry). Furthermore, actively restricting the rotational diﬀusion is required when
the aggregate is in suspension and can diﬀuse to the bulk
solution at a signiﬁcant distance from an interface. Therefore, we
have designed a system that enables the measurement of onedimensional Brownian rotational dynamics, i.e., rotation around
a single ﬁxed axis.

’ EXPERIMENTAL METHODS
One-dimensional rotation refers to the isolation of the rotational motion to being around a single axis. This was accomplished by utilizing a static magnetic ﬁeld to restrict the motion of
single Janus particles to rotation around this single, ﬁxed axis. To
monitor the orientation, the magnetic microsphere was fabricated by coating a nonmagnetic microsphere with a thin metallic
layer, see Figure 1. This metallic layer provides an optical

asymmetry and, depending on the rotational axis, creates a
modulated intensity (with magnetic ﬁeld applied parallel to
imaging plane) or a constant intensity with changing angular
orientation (magnetic ﬁeld applied perpendicular to imaging
plane). A unique feature of this method is that the rotational axis
of choice can be actively isolated and arbitrarily chosen. This
depends on the initial magnetization of the particle and the
strength and orientation of the applied ﬁeld (here a diﬀusion
plane parallel to the sample plane was chosen). The static
magnetic ﬁeld was established with two Helmholtz coils (a total
of four electromagnets) to control the orientation of the particle.
Typical magnetic ﬁelds were 10 Oe and applied through only one
set of Helmholtz coils.
Spherical polystyrene particles with a 0.5-2 μm diameter
were dispersed onto a glass substrate and coated by evaporating,
from one side, a nickel layer of 200 nm thickness (this process is
described in detail in ref 33). The result is a two hemisphere
particle, where one surface is polystyrene and the other is nickel.
The nickel could also potentially be used to study catalytic
properties and anomalous diﬀusion.34 In cases of biological
applications, an additional layer of gold can be coated onto the
particle. The magnetic particles were suspended in doubly
deionized water with a <0.5% concentration of surfactant sodium
dodecyl sulfate (to minimize stiction). A 100 oil immersion
objective lens on an inverted Olympus (IX71) microscope was
used, in bright-ﬁeld mode, to image the particles. Images were
obtained using a Coolsnap CCD camera. Image analysis was
performed using ImageJ software.35 Each particle's bright and
dark spots, arising from the eﬀect of light passing through, or
being blocked by, the two diﬀerent types of hemispheres, were
tracked using an ImageJ routine, MultiTracker (see images in
Figure 4). From the tracking values, the orientation of the particle
was measured in time. Software from OriginLab was then used to
analyze the angular displacement and to perform ﬁtting. To
minimize surface interactions, and any eﬀects from having a
displaced center of mass, we applied a magnetic ﬁeld along the
optical axis (instead of in the imaging plane). In a separate series
of tests the extent of the magnetic conﬁnement was quantiﬁed by
applying a magnetic ﬁeld parallel to the image plane and using
a magnetic particle with a 100 nm nickel layer. The particle
was magnetized through the poles in order to measure the
magnetic conﬁnement; when a ﬁeld was applied in the imaging
plane, the particle aligned with the hemispheres in-line with the
ﬁeld and in this way the conﬁnement can be quantiﬁed; see
Figure 2.
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Figure 2. Schematic representation of (a) the experimental setup used to observe one-dimensional conﬁnement of a single Janus particle and (b) the
concept underlying one-dimensional conﬁnement of a magnetic microsphere.

Figure 3. Quantiﬁcation of the angular conﬁnement. Experimental results for a single particle that was magnetized through the poles and in a static
magnetic ﬁeld applied in the sample plane for the (a) relative angular position in the presence of a 1.0 mT ﬁeld, resulting in an angular deviation of 3.9
and (b) the eﬀect of increased magnetic ﬁeld amplitude on the extent of conﬁnement. (c) Time series of microscopy images (taken at 100 fps), where the
image is 7 μm  7 μm.

’ RESULTS AND DISCUSSIONS
In one-dimensional systems, the time dependence of the
rotational mean squared displacement equation, is given by
Æθ2 æ ¼ 2Dr t

ð1Þ

where Dr is the rotational diﬀusion coeﬃcient:
Dr ¼

kT
kT
¼
γ
kηV

ð2Þ

Here, k is the Boltzmann constant, T is temperature, γ is the
rotational drag, κ is the shape factor, η is the dynamic viscosity,
and V is the particle volume. For three-dimensional rotational
systems, it has been shown that more intricate equations are
needed,13,36,37 due to the noncommutation of rotations in threedimensional space. Often, rotation is measured on a system
with high enough symmetry to allow a quasi-one-dimensional
analysis.29-31,38,39 Also, with more complex shapes and aggregates, the diﬀusion coeﬃcient cannot be found analytically.40

Angular displacements resulting from commutative Brownian
steps will generally have a Gaussian distribution. Here we utilize
the one-dimensional rotational probability function41
!
1
d2
PðdÞ ¼
exp - 2
ð3Þ
2πσ 2
2σ
where d is the angular displacement and σ is the root-meansquare deviation. σ is governed by the diﬀusivity (coeﬃcient of
angular diﬀusion)
pﬃﬃﬃﬃﬃﬃﬃ
σ ¼ 2Dt
ð4Þ
where t is the time interval between angular displacements.
In order to measure the extent of the magnetic particle
conﬁnement, we used particles with a magnetization along the
equator (as compared to the particles in Figure 1 magnetized
through the poles) and applied a magnetic ﬁeld in the sample
plane (see the Experimental Section and Figure 2 for details).
Due to the arrangement of the magnetic moment and applied
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Figure 4. Bright ﬁeld microscopy images of one-dimensional Brownian rotation of a single 2.0 μm diameter microsphere rotating around a ﬁxed axis
that is parallel to the optical axis (perpendicular to the imaging plane). The images are shown for every 220th frame (4.8 s intervals), where the image size
is approximately 7 μm  7 μm.

Figure 5. Relative angular position for (a) a single particle observed experimentally and for (b) a simulation of a random walk on a circle for 30000
Monte Carlo steps (MCS).

ﬁeld, no observable change occurs as a result of one-dimensional
rotational diﬀusion in the unrestricted dimension. Instead,
orientation changes are observed when the particle ﬂuctuates
away from being aligned with the magnetic ﬁeld. A sample
measurement for 1.0 mT is shown in Figure 3a, where the
deviation from alignment was found to be 3.9 degrees. This
measurement was performed for various magnetic ﬁeld strengths
and the standard deviation from alignment with the applied
magnetic ﬁeld was found to decrease with increasing magnetic
ﬁeld - Figure 3b. The larger the magnitude of the magnetic ﬁeld,
the more the observed particle was conﬁned. This general
behavior is expected by the mB/kT energy consideration, where
k is the Boltzmann constant, T the temperature, m the magnetic
moment of the particle, and B the magnetic ﬁeld amplitude. The
2 μm particles with 100 nm Ni coating were estimated to have a
magnetic moment of 4.4  10-12 Am2, which in 1 mT magnetic

ﬁeld at room temperature leads to mB/kT ≈ 106. The overall
behavior of the magnetic Janus particle magnetized through its
poles is shown in Figure 3c (also see Video 1 in the Supporting
Information).
As shown in Figure 1, standard bright-ﬁeld microscopy was
used to image the Janus particle. Figure 1b schematically
illustrates how the optical asymmetry and magnetic anisotropy
of a magnetic Janus particle is used to restrict the rotational
diﬀusion to one axis, as well as to optically measure the rotation.
The metallic capping has two important features: it introduces
both optical and magnetic anisotropy to the otherwise symmetric
and nonmagnetic particle. The ferromagnetic nickel allows the
particle to be magnetized along the equator of the particle (this
can be chosen during the fabrication steps; alternatively, the
particles can also be magnetized along their poles). This magnetic orientation still allows for rotational diﬀusion, but only
5215
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Figure 6. Experimental results for the particle relative angular position shown in Figure 5a for (a) the probability distribution function, where circles are
data and the line is a Guassian ﬁt with a width of 5.70 (Dr = 727.5 deg2/s), and (b) the mean squared angular displacement (MSD), where the MSD plot
shows every 10th data point and has a slope of 1195 deg2/s. Inset: linear scale MSD plot for the ﬁrst 20 data points, which has a slope of 965.0 deg2/s.

about the one axis, when a ﬁeld is applied. The reason for
choosing the equator as the direction of magnetization is that the
rotational diﬀusion can be observed via the optical asymmetry
caused by the half-coating. With a set of Helmholtz coils the axis
of rotational diﬀusion can be chosen to be parallel to the imaging
plane or perpendicular to the imaging plane. Here we limited
the rotational diﬀusion to being parallel to the imaging plane
(magnetic ﬁeld perpendicular to the imaging plane). This
orientation was chosen to enable the direct measurement of
the angle of orientation, as can be seen in the series of images in
Figure 4 (also see Video 2 in the Supporting Information), and in
order to limit any gravitational eﬀects that can result from the
center-of-mass of the particle being oﬀ center.
Figure 4 shows a time series of bright-ﬁeld microscopy images
resulting from one-dimensional rotational diﬀusion of a single
typical magnetic Janus particle. The magnetic ﬁeld is static along
the optical axis (perpendicular to the imaging plane) and the
magnetic Janus particle aligns itself in such a way that the equator
of the particle is aligned with the ﬁeld. This allows for unrestricted rotational diﬀusion only in the plane parallel to the imaging
plane. By changing the direction of the static ﬁeld, it is also
possible to allow for rotational diﬀusion around diﬀerent rotational axes, such as parallel to the imaging plane. Such a degree of
control of rotational diﬀusion has not been demonstrated before.
Being able to control how the particle rotationally diﬀuses with
respect to an interface or object addresses the potential limitation
of using the optical intensity to approximate the angle, as
previously done for free rotational diﬀusion.22,29-31,39
When the particle diﬀuses in the imaging plane as shown in
Figure 4, it is straightforward to measure the time-dependent
angular orientation of the particle. Figure 5a shows the relative
angular orientation of a single typical particle over 90 s. From this
data, the angular displacement can be calculated and the probability distribution can be determined - see Figure 6a. The ﬁt is
in good agreement with eq 3 and suggests normal Brownian
diﬀusion for one-dimensional rotation. The mean squared
angular displacement also corresponds to diﬀusion as described
by eq 4. The diﬀusion coeﬃcient, determined from the ﬁt in
Figure 6a, is 727.5 deg2/s (by using τ=1/2D, where τ is the
rotational correlation time, we obtain τ = 2.26 s). This value is
comparable to the reported value of 3.1 s for a 2 μm microsphere

in water.30,42 However, we do not expect exact agreement
because of the unknown viscosity of the surfactant environment,
and possibly due to the proximity of the Janus particle to the
glass-ﬂuid interface.43,44
Finally, we demonstrate one potential useful application of
actively restricting the Brownian rotation to a single dimension.
We measured the rotational diﬀusion of a rigid four particle
aggregate about two diﬀerent axes: one with no applied ﬁeld
(“ﬁeld oﬀ”) where the rotation was restricted by the glassﬂuid interface, and the other with an applied magnetic ﬁeld
(“ﬁeld on”), where the rotation was restricted by the ﬁeld; see
Figure 7a-f. The aggregate was formed by magnetic attraction
after the particles were separately suspended in the ﬂuid. The
diﬀusion coeﬃcients were calculated from the ﬁts to be 21.7 and
90.2 deg2/s for the “ﬁeld oﬀ” and “ﬁeld on” conditions, respectively. These values are in the range of other rotational diﬀusion
values for similarly sized aggregates.31 Since the aggregate is
asymmetric, the diﬀusion coeﬃcients are not equal around
diﬀerent axes, which we were able to measure by conﬁning the
rotation around one axis at a time. While the exact viscosity of the
medium is unknown (due to the surfactant and proximity of the
interface), this ratio does not depend on viscosity. The aggregate
experiences a diﬀerent amount of drag as it rotates about diﬀerent
axes. This can be easily seen by taking the ratio of the two
diﬀusion coeﬃcients
Don
γ
r
¼ of f
f
Dof
γon
r

ð5Þ

The change in drag can arise from either interface eﬀects (e.g.,
eﬀective viscosity) or from the diﬀerence in shape factor, κ. For
the four particle aggregate shown in Figure 7, we observed a ratio
of 4.15. This demonstrates that this method can indeed actively
control and measure the rotational diﬀusion of a complex
aggregate.

’ SIMULATIONS
In addition to the experiments and theoretical considerations
discussed above we performed two types of computer simulations, which corroborated the experimental ﬁndings. In the ﬁrst
type, a rotational diﬀusion motion is modeled by a random walk,
5216
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Figure 7. Optical microscopy images of a four particle aggregate with (a) no applied ﬁeld and (b) a ﬁeld applied along the optical axis (in the direction
perpendicular to the imaging plane), where the scale bar is 2 μm. Schematic illustrations of the same aggregate oriented on the glass-ﬂuid interface with
the (c, e) “ﬁeld oﬀ” (gravitational forces determine ﬁxed axis) and (d, f ) “ﬁeld on” (magnetic forces determined ﬁxed axis). (g) Angular displacement
distribution function for the aggregate shown in (a) and (b), where the circles denote data and the line is a Gaussian ﬁt. The width of the Gaussian ﬁts
were determined to be 0.98 and 2.0, which give diﬀusion coeﬃcients of 21.7 and 90.2 deg2/s, respectively.

which is performed as a function of time, in the usual Monte
Carlo method. The rotating system is simulated by a particle
starting at some random initial position and performing a
rotational motion, i.e. it rotates around one of its axes at angles
whose directions are randomly chosen, in a way similar to when a
particle performs a translational random walk on a lattice. One
can then easily see that the one-dimensional rotational diﬀusion
problem is equivalent to having a particle perform a random walk
on the circumference of a circle, which in turn is equivalent to a
random walk on a one-dimensional lattice, with a cyclic boundary
condition, at the 2πr length of the circumference of the circle.
When plotting the mean squared angular displacement vs time
interval, we obtain Figure 6b, where the simulation data is
normalized, so that the ﬁrst data point agrees with the experimental data. Figure 6b shows a close agreement between experimental data and simulation. This illustrates that the experimental
curves indeed represent unrestricted random rotations of the
particles. Furthermore, the angular displacement distribution of
the simulation also exhibits a Gaussian distribution, similar to the
experimental ﬁndings (Figures 3b and 5a).
In the second type of simulations, the rotational diﬀusion
tensor is calculated with the “Hydroþþ” software developed by
Fernandes and de la Torre.45,46 The software can be used to
calculate rotational properties and the intrinsic viscosity of any
object that can be expressed with a list of Cartesian coordinates
and radii of spheres. We implemented the hydrodynamic simulation (Hydroþþ) program to determine the diﬀusion tensor for a
four particle aggregate in a diamond shape, similar to the
aggregate shown in Figure 7g. The simulated ratio for a diamond
shaped four particle aggregate gives a value for the ratio in eq 5 of
1.58. This is oﬀ by a factor of 2.62 from our measured value of

4.15, but this deviation may possibly be accounted for by interface
eﬀects, or viscosity eﬀects, resulting from the surfactant mixture.

’ CONCLUSIONS
Summarizing, experimental systems that demonstrate onedimensional Brownian rotation, i.e. Brownian rotation around a
single conserved, ﬁxed rotation axis, were designed and implemented. Reasonable values for the rotational diﬀusion coeﬃcient
were derived for the systems under investigation. In addition to
single particles, we also monitored the one-dimensional rotational diﬀusion of a cluster of four particles. Our results show,
even over long time periods (e.g., Δt > τ), that the variation of the
angle of rotation is indeed Brownian. The associated probability
distribution function is Gaussian, and the mean squared angular
displacement grows linearly with time. This is expected to be true
only for one-dimensional rotation, but not for the noncommutative three-dimensional rotation. Further experimental work is
needed for the three-dimensional case, but the diﬀerentiation
between the one-dimensional and three-dimensional rotation is
an important distinction that has been often overlooked in the
past. The fact that we were able to make direct measurements on
single particles provides a new method for handling rotational
Brownian motion in a completely controlled way, which has not
been reported thus far. Furthermore, Monte Carlo simulations
agree well with the experimental results. One-dimensional rotational
diﬀusion of a single particle was shown to behave as predicted by
the Einstein 1906 model, and in complete analogy with translational Brownian motion. Thus, one-dimensional unrestricted
rotational systems can be studied with this straightforward
approach. This new methodology could also oﬀer a new way
for the study of rotational diﬀusion near interfaces. We also
5217
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demonstrated the potential application of isolating various axes
of rotation in the case of a small particle aggregate.

’ ASSOCIATED CONTENT
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Supporting Information. Two additional videos showing a single magnetic Janus particles in a static magnetic ﬁeld.
This material is available free of charge via the Internet at
http://pubs.acs.org.
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