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Anomalous growth of the depletion zone in the photobleaching trapping reaction
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We study the anomalous growth of the depletion zone at a single trap, as observed in a photobleaching
trapping reaction in confined geometry. We provide experimental evidence for a nonuniversal growth of this
depletion. We also find an early-time behavior of the depletion zone, owing to the finite size of the trap. Various
laser powers are used in order to study the effects of trapping strength, interpreted theoretically in terms of an
imperfect trap. The results are supported by numerical calculations. Comparison with other trapping reactions
provides insight into finite-size traps.
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The trapping reaction is the simplest chemical react
and is a model for a variety of transport processes@1#. It can
be formulated asA1B→B, whereA is a particle andB is a
trap. This corresponds to the original Smoluchowski work
coagulation@2#, a process involving the trapping of mobi
particles A by stationary aggregatesB, which became the
basis for classical reaction theory. It has become evident
in low dimensions the kinetic properties can differ signi
cantly from classical results, and that these anomal
reaction-diffusion laws are related to the self-organization
the reactants. A number of recent papers@3–11# have been
devoted to the problem of depletion zones in the vicinity o
single trap. A possible measure of this depletion is the d
tance from the trap to a point where the concentration ofA’s
is equal to a given arbitrary fractionu (0,u,1), of its
bulk value, hereafter referred to as theu distance. This is
given by

p~r u ,t !5uc0 , ~1!

where p(r ,t) is the concentration profile ofA particles at
distancer at time t, starting from an initial constant concen
tration c0 at time t50.

In one dimension, theu distance has been shown, the
retically @3,4# and experimentally@11# to increase asymptoti
cally like t1/2. In three dimensions, the depletion zone
localized and theu distance is time independent.

The two-dimensional case is the most interesting o
@8–10#. For a trap having a circular, disklike shape, the co
centration profile in the neighborhood of the trap has b
found to grow like (lnr/ln t), yielding a tu/2 nonuniversal
scaling for theu distance. The trap absorptivity, ranging b
tween perfect trapping and total reflection, can be descri
in terms of the radiation boundary condition@12#. Exact ex-
pressions have been derived for the concentration profile
the vicinity of a two-dimensional trap, as well as for theu
distance in the long-time limit@10#.
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However, no experimental confirmation of these anom
lous results in low dimensions has been reported. In
paper, we report on an experimental setup for measuring
u distance in low dimensions. The experiment is the ph
tobleaching of fluorescein dye molecules by a focused la
beam in a very shallow trough~150-mm-thin cell!. This
‘‘phototrap’’ system is directly relevant to the reaction d
namics for intracellular optochemical nanosensors as we
for photodynamic nanoexplorers@13,14#. In general, pho-
totraps play an important role in various dynamical pr
cesses, ranging from atmospheric ozone depletion to ph
dynamic cancer therapy. They are at the focus
photophysics and are highly important to novel photore
nanotechnology@15#.

In our experiment, the laser beam is focused into a cy
drical shape to produce an effectively two-dimensional en
ronment with a circular trap cross section on the sam
plane~Fig. 1!. Two different laser powers were used to e
amine the effect of the trap strength, one at 12 mW from
488-nm beam out of an air-cooled Ar-ion laser and the ot
at 130 mW from femtosecond pulse at 430 nm out o
frequency doubler coupled with a Ti:sapphire laser. Anot
light source at 48065 nm, with'1 in diameter from a mer-
cury lamp illuminated from below, was used to probe t

FIG. 1. A schematic diagram of the experimental setup.
©2003 The American Physical Society03-1
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progress of the photobleaching reaction. The images of fl
rescence emission from the sample were collected at di
ent times, using a charge-coupled device~CCD! camera,
equipped with a macrolens. A series of CCD snapshots
shown in Fig. 2. The scale of the image is 131 cm2 with a
5123512 resolution. The dye molecule becomes invisi
from the detector when photobleached, resulting in an int
sity drop in the fluorescence image. The dark region in
center of the images in Fig. 2, hence, represents the gro
of the depletion zone around the trap. Further technical
tails can be found in Ref.@11#. This experimental design
allows one to measure the temporal changes in the sp
distribution of reactants at the trap and to obtain theu dis-
tance.

Figure 3~a! shows typical temporal evolutions of the sp
tial concentration profiles along one arbitrary pixel lin
through the center of the trap. The corresponding plots of
behavior ofu distance as a function of time are shown in F
3~b!, for the values ofu chosen in Fig. 3~a!.

The curves in Fig. 3~b! provide the experimental evidenc
for the nonuniversal growth of theu distance,tu/2, which
depends on the arbitrary chosen parameteru. This is due to
the logarithmic form of the two-dimensional profile. More
over, it can be seen that, for short times and close to
origin, theu distance grows at a much faster rate, prior to
convergence to the asymptotic~and nonuniversal! slope. This

FIG. 2. A series of fluorescence images of the fluorescein m
ecules around the trap att51, 20, 100, 600, 1200, and 2400 s
photobleaching. Dark regions in the center show the growth in t
of the depletion zone around the phototrap.
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result has been reproduced in a set of numerical simulat
using various techniques, which will be published elsewhe

A closer look at the concentration profiles at the vicin
of the trap allows one to interpret this early-time–sho
distance regime. From Fig. 4, it is evident that the profi
changes its curvature at the disk-trap boundary. The pos
slope outside the disk changes to an eventual zero slop
the center of the trap. This observation can be explained
the basis of the following theoretical arguments.

Let the trap be a circle of radiusa. Mobile A particles are
assumed to be initially uniformly distributed throughout t
entire plane with concentrationc0 . The solution of the dif-
fusion equation governing the diffusion ofA particles in the
infinite two-dimensional region bounded internally by th
circle r 5a ~i.e., outside the trap!, subject to the radiation
boundary condition,

]p

]r U
r 5a

5kpur 5a , ~2!

l-

e

FIG. 3. ~a! Typical temporal evolution of the spatial concentr
tion profiles of the fluorescein along an arbitrary pixel line throu
the center of the trap, at times ranging from 1.7 s up to about
min. The laser power is 12 mW and each pixel is 20mm. Dotted
horizontal lines at the chosen values ofu50.4, 0.6, 0.8 are plotted
for measuringu distances;~b! a plot of theu distance vs time for the
experimental data shown in~a!, for the chosen values ofu. The u
distances, growing astu/2 asymptotically, show nonuniversal beha
iors. At short times and near the center of the trap, theu distances
grow at a much faster rate.
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has been shown in Ref.@10# to be given asymptotically by

p~r ,t !.2c0F lnS r

aD1
1

kaGF 1

ln~4T!22g1
2

ka

2
g

F ln~4T!22g1
2

kaG2 1¯G , ~3!

where T[Dt/a2 is a dimensionless time paramete
g50.577 22... is Euler’s constant, andk is a measure of the
reaction strength at the interfacer 5a, ranging fromk5`
for a perfectly absorbing trap, down tok50 for total reflec-
tion ~no reaction!. From this follows the result forr u in the
long-time limit @10#,

r u.a~4T!u/2 expH 2
1

ka
~12u!J . ~4!

This result, shown also in Fig. 5, is valid outside the tra
An analytical solution for the concentration profile of diffu
ing particlesinside a finite trapping region is not available
However, it is physically plausible that the profile inside t

FIG. 4. ~a! The experimental concentration profiles at the vic
ity of the trap, taken from Fig. 3~a!. Laser power is 12 mW. The
diameter of the disk trap, shown by the vertical dotted lines, is'6
pixel long. Note the change of curvatures in profiles across the
boundary;~b! similar to ~a!, but from an experiment with a stronge
laser power of 130 mW.
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finite trap can be approximated by a relatively flat curve
any given time. This is due to the uniform concentrationc0
of particles in this region prior to the beginning of the ph
tobleaching trapping reaction. This argument is supported
solutions for a related problem of a ringlike trap~i.e., trap-
ping only at the boundaryr 5a) @12#. Next, in order to
match these outside and inside profiles at the trap bound
the profile curve must change its curvature. The conc
shape inside the trap explains the early-time–short-dista
increase of theu distance, which is just the distance to th
curve. Outside the trap, the profile is convex, which giv
rise to slower increase of the distance in this curve. Thus,
combined shape of the profile explains the two regions fou
for the behavior of theu distance.

In Fig. 5, we plot results from an exact enumeration c
culation on a two-dimensional square lattice, where an
perfect trap with a finite radius of two lattice sites and with
finite trapping probability (p50.5 in the figure! is located in
its origin. The results are in excellent agreement with
experimental data, and support the above argumenta
Dotted lines are obtained from Eq.~3! for the profile outside
the trap perimeter.

It can be seen in Figs. 4~a!,4~b! that as time increases, th
value of the profile at the center of the trap,p(0,t), tends to
converge to an approximately constant value. In fact, fr
Eq. ~3!, valid for r>a, this value decays asymptotically a
(lnt)21 at the boundary of the disk (r 5a). Since the profile
inside the trap is approximately flat, this slow logarithm
decay ofp(a,t) yields, in fact, an approximation for a lowe
bound for the entire profile, hence a lower bound for t
arbitrary choice of the parameteru. Lower values for the
arbitraryu are simply not possible.

Moreover, the value of the profile of the diffusion pa
ticles at the bottom of the profile curve depends only on
trapping efficiencyk. This enables one to obtain an explic
relation between the laser power and the theoretical trapp
strength. For example, in Fig. 4~a!, for laser power of 12

p

FIG. 5. The reactant concentration profiles at different times~2
up to 103) from numerical calculations using recursion formula f
a finite-size imperfect trap in two dimensions. The trap is a 13-po
diamond shape on a square lattice, with a constant trapping p
ability, p50.5, at all of its 13 points. Dotted lines represent t
analytical result@Eq. ~3!# outsidethe finite trap, withk56, a52,
andT518.5.
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mW, the low value of the profile is around 0.25, while f
higher laser power~130 mW!, shown in Fig. 4~b!, the value
is close to 0.1. From Eq.~3!, these values at the trappin
boundaries correspond, roughly, tok.2 andk.5, respec-
tively.

It is interesting to compare these results for a finite-siz
trap to results obtained for a singlemobiletrap in one dimen-
sion @16–18#. The concentration profile of the diffusing pa
ticles ~in the so-called laboratory coordinate system! has
been shown to exhibit a flat, zero-slope, region at the orig
i.e., in the position of the trap att50. In light of our results
for a finite-size trap, this flat profile in the center means t
the moving point trap creates aneffectivefinite-sized trap-
ping region as time evolves. When the trap is static, or in
opposite case when the particles are static, the profile a
center has a positive slope, because in these two case
effective trapping region is either a point or effectively in
nite, respectively. It is only in the case when both the t
and the particles are mobile that an effectivefinite trapping
region is formed and induces a flat profile at the center.
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In summary, we have studied the properties of the dep
tion zone at a finite-size phototrap in two dimensions,
analyzing the concentration profile of the diffusing particl
through theu distance measure. Our experimental techniq
confirms the nonuniversality of this measure, as well as
early-time–short-distance behavior resulting from the fin
disklike shape of the trap. Comparison with theoretical a
numerical results allows one to attribute a trapping stren
parameter to the laser power used in the photobleaching
periment. More insight into finite-sized traps is obtained
comparison to the shape of the concentration profile in
case of amobile trap in one dimension.

Further issues to be addressed in the extended versio
this paper are the effect of the exact distribution of the la
beam power throughout the disk trap, and also the effec
the disk width~i.e., possible crossover from two-dimension
to three-dimensional behavior!.

Support by NSF Grant No. DMR9900434 is grateful
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